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Introduction

»In practice, the explained variable does not depend only on an explanatory variable.

»In this chapter, we introduce multiple regression models with several explanatory

variables.
»The regression line is replaced by a regression hyperplane.

» Objective: The objective of this chapter is to find the model estimates and to apply

inferential statistics on these parameters.



Regression hyperplane

* Objective: Fit several explanatory variables X3, X;,..., X,, to a dependent variable
Y in a linear manner.
* We seek to construct a relation of the form:

p
Y = o+ 5iXi+ B Xo -+ BpXo +e=Bo+ ) X+
j=1

e Foralli =1, ....n we have:

Yi = Bo + Bixip + Boxip + -+ - + BpXip + €;



 The model equation is sometimes expressed in the form:

,(f.-y(Xl. X0, XP) = ,tfﬂo -+ ﬁle —+ ,52)(2 i ,xfﬁpo

 where ,uy(xl, X, xp) denotes the average of the measured variable Yon all individuals for

which the variable X; is worth x4, the variable X, is worth x, ..., the variable X, is worth x,,
* This equation is the equation of a hyperplane called the regression hyperplane.

* This hyperplane is however unknown and the multiple regression problem consists of

estimating the p +1 parameters from the sample data.

* This involves determining the hyperplane:

Py

)’}(Xl. Xo, v, XP) = Bo + Bix1 + Boxo + -+ - + ,;:'jﬁpxp

which best approximates these data.



* We note y; the estimated values:

Vi = Bo + Bixi1 + Boxip + + -+ + BpXip
* The unobservable quantities e; can be estimated by the observable quantities:

e = Yi— Vi

* The problem will be: Find B, B4, ..., Bp which minimizes

n n
Z 6;2 = Z(y,- — (;:'30 -+ ;:'31/"{;'1 T ,s:'ﬁ:ng;z o LI ,J:'ﬁﬁprp))z
=1 i=1



Matrix writing

* For each observationi, (i = 1, ....n ) we have:
Y = ﬁo + _;:'31}(_;1 -+ ;!'32)(;2 + -t _ﬁpX_fp + €;

* The multiple regression model can be written in matrix form as follows:

Y = Xﬁ + £
}/1\ I x11 X2 - le\
avec: Y = }Tz X = 1 X%l Xéz XE_P ,
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Vector estimation 8

* The idea is always to minimize the sum of the squares of the residues by the method of

least squares.

(P) mf'nz e? = e'e
i=1

* The resolution of this optimization problem gives:

A= (X'X)"tX'Y



Properties of least squares

1) Wehave y'y =y'y

2) The least squares hyperplane contains the point (X1, X2, - . Xp, ¥)
3) Moreover > Vi=)>_Vi
4) Also, ) e =0
5) The decomposition of variation:
D=y =) =92 +> (vi— )

S Ctot =5 Creg + S5 Cres



Model assumptions

The random vector e follows a multinormal law with
E(s) =0 et V() = o7,

Homoscedasticity hypothesis: E(s;) = 0 et V(g;) = o2

The error is independent of X; i.e. cov(xj. ;) = 0

Normality of residues: =; — AN(0, 5°)

The ¢; are mutually independent (absence of autocorrelation of the residues) i.e.
cov(gj.j) =0 i i * J

These hypotheses amount to saying that the random vector follows a multinormal law with

E(y) = Xj3 et V(y) = o°l,



Properties of estimators

E(j3) = 3
V(5) = a2(X' X) ™1
V() is called the variance-covariance matrix of the coefficients:




e The variance-covariance matrix involves the error variance 2.
* This variance is unknown

* |tis estimated by

2 — S5Cres _ Doy €
n—p-—1 n—p-—1

* We estimate V(j3) by 52(3) = (X' X)~1



Model significance test

* We start by testing:
Ho , _,:'31 = _,:'32 — ... = -’BP — (0

Hq : ) € {1 P}*gj 7é 0

 We use the following statistic:

(i =9)%) /p _ S5Creg/p
(i (i —9)3) /(n—p—1)  SCres/(n—p—1)

which is distributed under Hy according to a Fisher law at p and n-p-1 degrees of

F=

freedom.

* We reject Hy with an «a risk if

F>fHh_olp,n—p—1)



ANOVA Table

Source of variation “ Sum of squares Mean of squares —

Regression 5C
£ SCE = L0y (¥ — 7n)? 2T (5 - ) SR/ (=D
P ScR=S0,00 -5 2 Tlbi-#
Total n-1

SCT=F0 <) Y i — )



Significance test of a parameter f3;

* The objective is to test the absence of a linear connection between X; and Y. So

we must test the nullity of 5; for j = 1 ...p.

Ho : 3j = 0 contre Hy : 3; # 0

e Test statistic:

* Under Hy:




* Rejection region:
] — 00, _t(?tXQ.(n—p—l)[U] tc?t/Z,(n—p—l)- +DC[

* Confidence interval for §; at confidence level 1-a

IC(B)) = | B £ ta/a(np-1)S(5)

* We reject H; if 0 does not belong to this interval.



Regression without constant

e The model without constant is written as:

Yi = Bixj1 + BoXjp + -+ + BpXip + €;

* The multiple regression model can be written in matrix form as follows:

Y = X3+ ¢
y1 \ X11 X112 o Xip \ 31 \
avec: Y = }/:2 X = X?l X?z X?P B = 32 et
J’;n ) Xrlﬂ Xf;z X;;p ) 3p )
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* The least squares solution is always given by:

B =(X'X)"IX'Y

* Due to the absence of the column of 1 in the matrix X, certain properties of the

estimators are lost

* The hyperplane does not pass through the point (X1, Xo, - - - , Xp. V).

We do not have Zy; = ZJ?;'

The sum of the residues is therefore not zero.

It follows that we no longer have: SCiot = SCreg + SCres

We always have SCes = S (vi — 91)2 =Y y? =592



* We define SCreg and SCigtay in this form:

SCreg = Y 97 €t SCrot = > y?

* The determination coefficient is given by:
R2 _ Zﬁ?
> VP

* R? no longer has the correlation coefficient.

e An unbiased estimator of g2 is:

n—p



* In order to test the hypothesis that all coefficients 5; are zero:

Ho : 1 = = fp =0
 The Test statistic is:
F — SCreg n P
- SCres P

* We reject Hy if



Partial Fisher Test

* Objective: This test makes it possible to test the nullity of a certain number r of
parameters in a model with p + 1 parameters.

* The null hypothesis is that of a reduced model with (p + 1 - r) parameters

* The alternative hypothesis is that of a complete model with p + 1 parameters.



Test procedure:

Calculate the estimated values y; using the least squares method for each of the
two models defined by Hy, and H;. We notice:
* The estimated values by: V;(Ho) et vi(H1)

* The sums of squares of the residues by: SC,..(H,) et SCes(H1)

> Vi (Ho) =297 (Ha) n—p—1
e F. — i — | ,
We calculate the statistic: S y2 - 92 (Hy) ;

SCres(%O) — SCres(%l) _ n—p— 1
SCres(/Hl) r

Fe =
We reject H if
Fo > f(rin—p—1)



* When the two models defined by Hy and H; admit a constant:

* We define:
e aefine S5Creg(Ho) = Z(ﬁf(%o) _ 7
SCreg(H1) = Y _(9i(H1) — 7)°
SCre
R(Ho) = 5o
2  5Ceg(Ha)
) = > (vi—¥)?
e We then have: F.— 5Creg(H1) = SCreg(Ho) n—p—1

SCreg(%l) r

R*(H1) — R*(Ho) n—p—1

FC — 1_ RZ(%l) . p




* When the two models defined by Hy and H; do not admit a constant:

e We define:

reg /HO Z
reg 7_[1 Z

SCre (HO)

2 H g

(Ho) Sy
SCre (Hl)

2 H g

(#1) PR%

 We then have: - e (/Hl) . SCreg(%D) n—p—1
c 5Creg(H1) r
E R (Hl)—Rz(%o) n—p—1




* When the model defined by H; admits a constant and the model defined by H|,

does not admit one:

 We calculate the statistic:

_ Y0P (Ho) =X 97 (H1) n—p—1

Fe

> yi = 297 (Ha) r
F — SCres(%O) — SCrES(%l) - n—p— 1
© SCres(/Hl) r

* We reject Hy if
Fe > ﬁ.‘x(r;”_p_l)



